Matching preclusion is a measure of robustness in the event of edge failure in interconnection networks. The matching preclusion number of a graph G is the minimum number of edges whose deletion leaves the resulting graph without a perfect matching or an almost perfect matching, and the conditional matching preclusion number of G is the minimum number of edges whose deletion leaves the resulting graph with no isolated vertices and without a perfect matching or an almost perfect matching. In this paper, we consider balanced hypercubes. We obtain that an n-dimension balanced hypercube BH n has the matching preclusion number 2n, and mainly prove that for the balanced hypercube BH n , each matching preclusion set of cardinality 2n is trivial, and the conditional matching preclusion number of balanced hypercube is 4n − 2 whenever n ≥ 2.
Introduction
Let G be a graph. A matching of G is a set of pairwise nonadjacent edges of G. A perfect matching is a matching covering all vertices of G. An almost perfect matching is a matching covering all but one vertex of G. Let F be a set of edges of G. If G − F has neither perfect matching nor almost perfect matching, then we call F a matching preclusion set of G. The matching preclusion number of G, denoted by mp (G) , is the cardinality of a minimum matching preclusion set in G. Based on the definition, we set mp(G) = 0 if G has neither perfect matching nor almost perfect matching.
Brigham et al. [2] first introduced the concept of matching preclusion as a measure of robustness of interconnection networks under the condition of edge failure, as well as a theoretical connection to conditional connectivity, ''changing and unchanging of invariants'' and extremal graph theory. In a network, a vertex with a special matching vertex after edge failure any time implies that tasks running on a faulty vertex can be shifted to its matching vertex. Thus, the network with this property has higher fault tolerance than others under our fault assumption. In the same paper, the authors also determined the matching preclusion number of Petersen graph, K n , K n,n and hypercube. Cheng et al. [5] studied matching preclusion number of Cayley graphs obtained by transpositions and (n, k)-star graphs. Cheng et al. also studied the matching preclusion number of tori and Cartesian products of graphs involving cycles in [6] . In [10] , Park studied matching preclusion of restricted HL-graphs. In [14] , the authors determined that the matching preclusion number of k-ary n-cube is 2n. Park et al. also studied a more general matching preclusion problem called strong matching preclusion in [11] . For other standard graph notations and terminologies not defined here please refer to [1] .
In a graph of even order, the set of all edges incident to a single vertex forms a trivial matching preclusion set. We have the following claim immediately.
Proposition 1 ([4]). Let G be a graph of even order. Then mp(G) ≤ δ(G), where δ(G) is the minimum degree of G.
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In the network failure is inevitable, but it is unlikely that all the edges incident to a common vertex are all faulty simultaneously in large networks. Note that such faulty set will lead to a single vertex in the resulting graph. Thus, it is of practical significance to consider matching preclusion of a graph with some restriction on the components which having no isolated vertex after deleting some edges. Motivated by this, Cheng et al. [4] considered conditional matching preclusion set (resp. number) of a graph G. The conditional matching preclusion number of a graph G, denoted by mp 1 (G), is the minimum number of edges whose deletion leaves the resulting graph with no isolated vertices and without a perfect matching or an almost perfect matching. Any such set is called a conditional matching preclusion set. We define mp 1 (G) = 0 if a conditional matching preclusion set does not exist, that is, we cannot delete edges to satisfy both condition in the definition.
A conditional matching preclusion set of a graph is trivial if all its edges are incident to u and w but not v, where uvw is a path of length 2. It can be easily deduced that for any graph G, the inequality mp(G) ≤ mp 1 (G) holds, especially if mp(G) < mp 1 (G), the minimum matching preclusion set must be trivial.
In [4] , Cheng et al. studied a basic obstruction to a perfect matching for a graph of even order. They showed that any 2-path P := uvw where the degrees of u and v are both one is a basic obstruction. Hence we define v e (G)
there exists a vertex v such that uvw is a 2-path}, where d G (.) is the degree function and y G (u, w) = 1 if u and w are adjacent and 0 otherwise. Analogous to Proposition 1, we have the following proposition.
Proposition 2 ([4]). Let G be a graph of even order and each vertex in G has degree at least three, then mp
Like matching preclusion, the conditional matching preclusion has also been studied by many authors. Cheng et al.
[4] studied the conditional matching preclusion for K n , K n,n and hypercubes. In [12] , the authors studied the conditional matching preclusion for hypercube-like interconnection networks. Wang et al. [14] show that the conditional matching preclusion set for k-ary n-cube is 4n − 2. Conditional matching preclusion for arrangement graphs are also studied in [7] .
The balanced hypercube was proposed by Wu and Huang in [15] and widely studied in [8, 16, 17, 9] . The balanced hypercube has many desirable properties such as strong connectivity, regularity and symmetry. And the special structure of balanced hypercube is: each processor has a backup processor that shares the same set of neighboring vertices.
In this paper, we consider (conditional) matching preclusion of the balanced hypercube, and determine mp(BH n ) = 2n when n ≥ 1 and mp 1 (BH n ) = 4n − 2 when n ≥ 2. In Section 2, we recall some definitions, properties and structures of the balanced hypercube. In Section 3, we study matching preclusion number of the balanced hypercube. In Section 4, we consider Conditional matching preclusion number of the balanced hypercube.
Balanced hypercube
In this section, we give some definitions, properties and structures of the balanced hypercube. An n-dimensional balanced hypercube BH n [15] 
. . , a n−1 ).
In BH n , the first coordinate a 0 of vertex (a 0 , . . . , a i , . . . , a n−1 ) is named inner index, and the other coordinates a i (1
Clearly, every vertices in BH n has two inner adjacent vertices, and 2n − 2 other adjacent vertices.
In the same paper [15] , Wu and Huang gave an equivalent definition of BH n , which can be hierarchically constructed as follows:
(1) BH 1 is a 4-cycle, the vertices of which are labeled as 0, 1, 2, 3, respectively.
(2) BH k+1 is constructed from 4 BH k s. These four BH k s are labeled BH The following properties [15] of the balanced hypercube will be used in the this paper.
Property 1.
BH n is 2n-connected.
Property 2.
BH n is bipartite and vertex-transitive. Now that BH n is bipartite, we can use white and black color to denote by the two bipartitions of BH n . Since vertices with odd or even inner index is a bipartition of BH n , we call those with odd inner index black vertices, and those with even inner white vertices.
Property 3.
Vertices u := (a 0 , a 1 , . . . , a n−1 ) and v := (a 0 + 2, a 1 , . . . , a n−1 ) in BH n have the same neighborhood.
Next we classify the edges of BH n . If two adjacent vertices u, v differ in only the inner index, the edge uv is said to be 0-dimension edge, and v is 0-dimension neighbor of u. Likewise if two adjacent vertices u, v not only differ in the inner index, but also differ in some i-dimension index (1 ≤ i ≤ n − 1), the edge uv is said to be i-dimension edge, and v is i-dimension neighbor of u. We denote by ∂D d , for 0 ≤ d ≤ n − 1, the set of all edges of d-dimension edges. Without cause of ambiguity, we will use ∂D d to denote the graph induced by ∂D d . Let BH
Since any two adjacent vertices have different inner indices, the graph induced by the vertices with inner indices labeled 0 is an empty graph. In the following, we prove that if we delete ∂D 0 of BH n , we can obtain 4 subgraphs of BH n , which are all isomorphic to BH n−1 .
Lemma 1. Let n ≥ 2 be an integer. Then BH n − ∂D 0 has four components, each component is isomorphic to BH n−1 .
Proof. We use induction on n. For n = 2, it is obvious that when we delete all 0-dimension edges of BH 2 , the resulting graph contains four vertex-disjoint 4-cycles. Thus, the induction step holds. Assume that the statement is true for n − 1.
Next we consider BH n . We divide BH n into BH
components, each component is isomorphic to BH n−2 . We will complete the proof by the following two claims: parity, then the length of P is even. Let k ≥ 1 be an odd number, we assume that P :
Furthermore, assume that u 2 is an i 2 -dimension neighbor of u 1 , then
Likewise, we can obtain
Note that P is in C , then i 1 , i 2 , . . . , i k are not 0 or n − 1. From above, we know that the parity of the inner index of the vertices on P is alternate. Thus, we can find a path P ′ in BH
We assume that
It can be easily deduced that u ′ and v ′ are two endpoints of P ′ . Thus the claim holds.
Claim 2. In BH
then the resulting graph are four vertex-disjoint 4-cycles.
Suppose that a 0 is an even integer, we can find two j-dimension (1 ≤ j ≤ n − 2) neighbors of u and u ′ . Without loss of generality, we choose two 1-dimension neighbors of u and u 
Similarly, the (n − 1)-dimension neighbors of v and v ′ are:
and
In BH 
Likewise, the two (n − 1)-dimension neighbors of v i−1 and v ′ i−1 are:
The two (n − 1)-dimension neighbors of u i+1 and u ′ i+1 are: 1, a 1 − 1, . . . , a n−2 , i − 2). 
form a 4-cycle. Thus, the claim holds.
And the vertices u, u
induced a subgraph which is isomorphic to BH 2 . By arbitrary choice of the vertex u, it implies that the lemma holds.
Remark 1.
By Lemma 1, we can divide BH n into 4 BH n s along dimension d ∈ {0, 1, . . . , n − 1} by ∂D d . Hence, without cause of ambiguity, we denote BH n − ∂D 0 by BH
. Thus we can also obtain a subgraph G of BH n for n ≥ 3 as follows: The vertex set of G is the same as BH n . For X ⊂ {0, 1, 2, . . . , n − 1}, we add all j-dimension edges to G for j ∈ X . Thus, G is a spanning graph of BH n . If |X| = n, then G = BH n . If |X| < n, G is not connected and each component of G is isomorphic to BH |X| . 
Matching preclusion number of balanced hypercube
Let k > 0 be an integer. It is well-known that every k-regular bipartite graphs has k edge-disjoint perfect matchings. It is immediate to obtain the following Lemma.
Lemma 3 ([14]). Let G be a k-regular bipartite graph. Then, mp(G) = k.
From Properties 1 and 2 and Lemma 3, the following theorem is immediate.
Theorem 4. Let n ≥ 1 be an integer. Then, mp(BH
In the following, we shall study the minimum matching preclusion set of BH n . Firstly, we introduce some useful definitions.
A path containing all vertices of a graph G is called a Hamiltonian path. A graph is said to be Hamiltonian connected if there exists a Hamiltonian path between any two vertices of G. It is easy to deduce that a bipartite graph with at least three vertices is not Hamiltonian connected. Motivated by this, Simmons [13] introduced the concept of Hamiltonian laceable for Hamiltonian bipartite graphs. A Hamiltonian bipartite graph is Hamiltonian laceable if there exists a Hamiltonian path between any two vertices in different bipartite sets.
Next we give a lemma, which will be used in our proof.
Lemma 5 ([16]). The balanced hypercube BH n is
Hamiltonian laceable for n ≥ 1.
In [3] , the authors studied some sufficient conditions for a graph having trivial matching preclusion set. Next we will prove that every minimum matching preclusion set of BH n is trivial.
Theorem 6.
Every minimum matching preclusion set of BH n is trivial. Proof. We use induction on n. Let F be a minimum matching preclusion set of BH n . For n = 1, since BH 1 is a 4-cycle, it is obvious that mp(BH 1 ) = 2. The induction step holds. Next we suppose, as our induction hypothesis, that n ≥ 2 and the result holds for BH n−1 . Let F be a minimum matching preclusion set of BH n , so by Theorem 4, |F | = 2n. We divide BH n into
) has a perfect matching, then BH n −F has a perfect matching, a contradiction. So one of them has no perfect matchings, say BH
Since BH n is 2n-regular and BH n−1 is 2(n −1)-regular, ∂D n−1 contains two edge-disjoint perfect matchings of BH n . This implies that |∂D n−1 ∩ F | ≥ 2. Therefore, |E(BH
Similarly, the two faulty edges of ∂D n−1 must incident with a common vertex, say v. If not, by the proof of Lemma 2, we know that ∂D n−1 can be partitioned into edge-disjoint 4-cycles, thus, we can obtain a perfect matching of BH n in ∂D n−1 , a contradiction. If u = v, then all the edges incident to u are faulty. It implies that F is a trivial matching preclusion set, we have nothing to prove. Thus, we assume that u ̸ = v.
We will show that there is a Hamiltonian path starting at u in BH n − F (see Fig. 4 ). Without loss of generality, assume that u ∈ BH (2) n−1 [n − 1], we can always find such a vertex since each vertex in BH n has two (n − 1)-dimension neighbors. Similarly, we can find a Hamiltonian path P 2 of BH (2) n−1 [n − 1] starting at v 2 and ending at u 2 such that u 2 , v 2 ̸ = v. We can also find a Hamiltonian path P 3 in BH (3) n−1 [n − 1] starting at v 3 and ending at u 3 such that u 3 , v 3 ̸ = v. Finally, let v 0 be an (n − 1)-dimension neighbor of u 3 , we can find a Hamiltonian path P 0 in BH (3) n−1 [n − 1] starting at v 0 and ending at u such that w is adjacent vertex of u on P 0 and v 0 ̸ = v. Let P
a Hamiltonian path starting at u in BH n − F . Then there exists a perfect matching in BH n − F , a contradiction.
By the above theorem, it can be known that all matching prelusion sets of cardinality of 2n are trivial. Thus, mp 1 (BH n ) > mp(BH n ). Hence, it is interesting to consider conditional matching preclusion set of the balanced hypercube.
Conditional matching preclusion number of balanced hypercube
Firstly, we consider conditional matching preclusion number of BH 2 as our basic step.
Proof. Note that BH 2 is bipartite and 4-regular. Since v e (BH 2 ) = 6, by Proposition 2, Theorem 4 and Lemma 6, 5 ≤ mp 1 (BH 2 ) ≤ 6. Suppose that mp 1 (BH n ) = 5 with F as a corresponding conditional matching preclusion set. By Lemma 2, ∂D 1 contains 2 edge-disjoint perfect matchings. Thus, if |F ∩ ∂D 1 | < 2, we can easily find a perfect matching of BH 2 in
There exists two faulty edges a, b (the dashed lines in Fig. 5 ) such that {a, b} ⊆ F ∩ ∂D 1 and a, b incident to a vertex u. If not, since ∂D 1 contains 4 edge-disjoint 4-cycles, it is obvious that there exists a perfect matching in F ∩ ∂D 1 , a contradiction. In the same way, there exists two faulty edges c, d (the dashed lines in Fig. 5 Note that F is a conditional matching preclusion set of BH 2 , there exists no isolated vertex in BH 2 − F , thus, u ̸ = v. We consider the following two cases:
Case 1: u is adjacent to v in BH 2 . Without loss of generality, we assume that v := (0, 0). Since BH 2 is vertex-transitive, we also assume that u lies in BH Fig. 5 ). By arbitrary choice of u and v, one of u and v, say u, must be with degree 1 in BH 2 − {a, b, c, d}, note that F is a conditional perfect matching preclusion set, the only edge f incident to u is not a faulty edge. We can find two perfect matchings M 1 (the heavy lines in Fig. 5(a) ) and M 2 (the heavy lines in Fig. 5(b) ) in (3, 3) or (2, 3) . We can find two edge-disjoint perfect matchings of each pairs of u and v respectively. All the edge-disjoint perfect matchings are listed in Table 1 .
Thus mp 1 (BH 2 ) > 5, and the result follows immediately.
In the following, we determine conditional preclusion number of BH n for n ≥ 2.
Proof. It is easy to observe that v e (BH n ) = 4n − 2. By Proposition 2, it follows that mp 1 (BH n ) ≤ 4n − 2. Next we need only to show that mp 1 (BH n ) ≥ 4n − 2. We use induction on n. First we note that the claim for n = 2 is true by Lemma 7. Let n ≥ 3, on the contrary, suppose that there exists a conditional matching preclusion set F of BH n such that |F | ≤ 4n − 3. We may assume |F | = 4n − 3. If not, we can increase the size of F by choosing faulty edges so that no isolated vertices are created if these edges are deleted.
Claim 1.
There exists d * ∈ {0, 1, 2, . . . , n − 1} such that when we divide BH n into BH
On the contrary, suppose that for every d ∈ {0, 1, 2, . . . , n − 1}, there exists i d ∈ {0, 1, 2, 3} such that when we divide 
, F contains at least 2n − 2 edges incident to u k . Since F is a conditional matching preclusion set and u 1 is an isolated vertex of BH
Similarly, the same statement is true for u d 2 and u d 3 . Recall the fact that BH n is bipartite, we have 4n − 3 ≥ |F | ≥ 3(2n − 2) − 2, a contradiction when n ≥ 3. Thus, Claim 1 holds. Now, we divide BH n into BH
Claim 2.
There exists an integer i ∈ {0, 1, 2, 3} such that |F ∩ E(BH
Again, we prove the claim by contrary, suppose that |F ∩ E(BH Since 4n
n−1 edge-disjoint 4-cycles, thus, there exists a vertex u such that the two d * -dimension edges incident to u are both faulty, if not, it can be easily find a perfect matching of BH n using ∂D d * . Next we consider the following three cases:
By the definition of BH n and Remark 1, we can obtain a subgraph G 0 containing u and v by dimension 
, we can obtain a subgraph G by dimension j and d * using the method in Remark 1. There exists a component C containing u in G such that C is isomorphic to BH 2 . Then, we divide C into four subgraphs along dimension d * , denoted which lies in BH ]. By symmetry of BH 2 , we can easily find a perfect matching in C − F (the heavy lines in Fig. 7(a) ). If u is a white vertex in C ], then two d * -dimension neighbors of u are in C (2) [d * ], we can also find a perfect matching in C − F (the heavy lines in Fig. 7(b) ). Thus, BH n − F has a perfect matching, a contradiction. ]. If xz is a faulty edge, then we can find a perfect matching in G 1 − F (the heavy lines in Fig. 8 a subgraph G 2 by dimension j ′′ and d * . By symmetry, if we relabel x as v and v as x, the case of G 2 − F is analogous to that of G 1 − F . Hence, the proof is obvious, we omit it. From above, we suppose that xz is faulty and vz is not faulty. Thus, using xy, vz as matching edges, we can find two edge-disjoint perfect matchings in G 2 − F , see the heavy lines in Fig. 10(a) and (b) .
If u is a white vertex in G ] − F , say xy, we use xy as the matching edge. Thus, we can easily find two edge-disjoint perfect matchings in G 1 − F (the heavy lines in Figs. 7(b) and 9) . Hence, again, applying the method in Case 1, we can find a perfect matching of BH n − F . Thus, BH n − F has a perfect matching, a contradiction. Table 1 Two edge-disjoint perfect matchings of BH 2 − F with v := (0, 0) and u := (1, 1), (2, 0), (2, 1), (3, 2) , (2, 2) , (3, 3) or (2, 3) respectively.
v := (0, 0), u := (1, 1) 
